EPFL Introduction to analytic number theory 2024/2025

Exercise sheet 12

For exercises 1 and 2, you may assume that there exists a constant C' > 0 such that any zero p of

¢(s) satisfies
C

log (2 +[S(p)])’
For exercises 5-7, you may assume that there exists a constant C' > 0 such that if x is a Dirichlet
character modulo ¢ then any zero p of L(s, x) satisfies

R(p) <1

C
log (¢(1+[S(p)[))
unless the possibility of at most one real zero 1 — & < B < 1 when Y is quadratic.
1. Let s=o0+it witho >1— m and [t| > 2. Then

(a) |$(s)] < 1ol +2);

Hint: Show first for s; =1+ m + it. Then show ‘%’(s) - %(sl)‘ < log([t| 4+ 2) using
that ¢ ) .
Co-ten= ¥ (55 ) ot +2)

¢ ¢ —p s1—p

and that |s — p| < |s1 — p|.

pils—pl<1

(b) [log ((s)| < loglog([t] +2) + O(1);
Hint: Use that for u > 1 we have ((u) < 1+ ﬁ Show again first for s; and use that

log(s) —log(s1) = [ C?/(,z)dz

(©) || < os(ltl +2).

Hint: log ‘ﬁ’ = —Rlog((s).-

2. (a) We can prove the Prime Number Theorem directly using Perron formula’s without using
the explicit formula. Use Perron’s formula along with Cauchy’s Residue Theorem to show
that there exists a constant ¢ > 0 such that

Y(z)=x+ O(xe_c\/@).

1w too =1— and choose T

Hint: You may shift the contour from ¢ = 1 + Tog

_C
2(logT)
optimally. Use the bound for % from exercise 1.

(b) Let M(z) =3, <, #(n). Show that
M(z) < ze~ Vs,

Hint: Apply the same method for ﬁ



(c) Show that
Z M(n) < e—c\/logw.
n<x "

Hence in particular deduce that

),

3. (a) Show that there exists a constant 0 < 6§ < 1/2 such that ((s) has no zeros in the region
Re(p) > 1 — 0 if and only if for any € > 0, Y(z) = x + O(z!=0+).

(b) Thus show that
3 ) = 0 7+)

n<x

if and only if
Y(x) =z + Oz 079,
4. Show that if x is a character modulo ¢ and 3/4 < o < 2, then

Ten=tze s 5 Lo+ ).

pilp—s|<1

Hint: Show first for primitive characters.

5. Show that there exists a universal constant ¢; such that if ¢ < exp(2c;y/logx) and L(s, x) has
no exceptional zero, then

Y(z,x) = 1y=y,x + O (x exp(—c14/log z)) ,
but if L(s, x) has an exceptional zero 3, then
B

020 = =2 0 (sex-criog).

6. Let x1 (mod ¢;) and x2 (mod g2) two distinct, real, primitive characters.
(a) For o > 1, show that
CI L/ L/ L/
—Z(U) - f(@Xl) - f(U’XZ) - f(U»X1X2) > 0.
(b) Let 3, be a real zero of L(s,x;), for j = 1,2. Deduce that for o > 1,

1 n 1 < 1
c—B1 o—B2 o-—

1 + O (log(q142)) -

(¢) Show that there exists a constant ¢35 > 0 such that min(81, 52) < 1 — TR

(d) Show that there exists a constant ¢4 > 0 such that for Q > 3, there exists at most one

g < @ for which it exists a real primitive character x (mod ¢) with a real zero p > 1— 10‘;4(9.

7. Assume that for all € > 0, there exists a constant C(€) such that for all for each real, primitive
character x modulo ¢, we have L(1,x) > C(e)g¢.



(a) Show that there exists C’(€) such that for each x modulo g, a real zero 8 of L(s, x) satisfies
B=1-Ce)g "

Hint: You may use that |L'(0, x)| < (logq)?, when o > 1 — &

2logq"

(b) Show that for any positive A, there exists a constant co = ¢3(A) such that for all g <
(logz)? and x modulo ¢, we have

Y(x,x) = 1y=yoz + O (x exp(—cm/logx)) .

(¢) Deduce that
(x5 q,0) = . +0 (m eXp(—CQ\/logx))

¢(q)
and Li(x)
m(x;q,a) = () + 0 (x exp(—@ﬁlogx)) i

(a) Let z be a complex number such that z # 0, —1,—2... Show that

I = 1 1
F(Z)__7+7lz_:1(n+1 _n+z>'

(b) Using the Euler-Maclaurin formula, or otherwise, deduce that if |arg(z)| < 7, then

I 1 1
?(z) =logz — 5—1—0 ((Z‘F1)2> .



